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e K: an arbitrary field with Char K # 2.
e X,Y, Z: variables.
o V={v:veV}={p:prime number} U {oo}.

@ Q,: completion of Q

e Qoo =R
o Q,: with respect to the p-adic valuation.
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Quadratic Froms

o f(X)= > i j=10ijX;X; is a quadratic form
° a;; = aj; € K.
o X =(Xy,--,X,) € K"

@ The matrix Ay = (a;j) associated with f is symmetric.

@ The pair (K™, f) is a quadratic space.
o f~g IP€GL(n,K)st. Ay =PTA,P.
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Case over R

@ Invariants:

e Rank: rank f = n.
o Signature: (r,s) := (#positive eigenvalues, #negative eigenvalues).

Theorem (Sylvester's Law of Inertia)

Let f =} ";_4 a;;XiX; be a quadratic form of rank n over R. Then

feXi+ X3+ + X2 - X2, - — X2,

’ Problem: How to Classify Quadratic Forms over Q?‘

Shubin Xue (Beijing Institute of Technology) Classification of Quadratic Forms over Q 2025-09-11



Table of Contents

@ Classification and Representation
@ Some History

© Quadratic Forms over Q,

© Results

Shubin Xue (Beijing Institute of Technology) Classification of Quadratic Forms over



Background (17-18th Century)

f represents a € K: 3z € K™\ {0} s.t. f(z) = a.

Figure: Fermat Figure: Gauss Figure: Lagrange
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Background (19-20th Century)

Equivalent quadratic forms represent exactly the same set of numbers.

Theorem (Hasse-Minkowski)

f represents 0 over Q iff it represents 0 over all Q.
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Representation of Numbers

f(Xla"' 7Xn) and g(Xla 7Xm)
° f@g:f(Xla aXn)“—g(XnJrl,"' aXn+m)

Proposition

Let a € K*. The following are equivalent:

o f represents a
o f~ f1 ®aZ? where fy is of rank rank f — 1.
o fo.=[f® —aZ? represents 0.

Corollary (Hasse-Minkowski Theorem)

f represents a € Q* over Q iff it represents a over all Q,.

o Apply the Hasse-Minkowski Theorem to f, = f ® —aZ>.
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Decomposing Quadratic Spaces

Theorem (Witt's Cancellation)

i@ g1~ f2® g2 and g1 ~ go implies f1 ~ fs.

e (V,Q): A quadratic space.
e (U,Q) and (W, Q): Isometric subspaces.

(o)

V =V V = v
Lift ‘ Restrict i i
U-——=">w Ut =, wt

Figure: Witt's Cancellation Theorem

Shubin Xue (Beijing Institute of Technology) Classification of Quadratic Forms over Q 2025-09-11



Theorem (Minkowski)

Two non-degenerate quadratic forms of rank n over Q are equivalent iff
they are equivalent over each Q,.

@ By the Hasse-Minkowski Theorem, the numbers represented by both
f and g over Q is also the same.

o Take a represented, f ~ aZ? @ f1 over Q and Q,. Similarly for g.
@ By Witt's cancellation, we have f; ~ g1 over QQ, for all v € V.

@ By induction on rank n, f1 ~ g1 over Q, thus f ~ g over Q.
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General |deas over K

o Reduced Form: f ~ > | a;X?, where a; € K* /(K*)2.
o Invariant rank: non-degenerate.

e Symmetric matrices: diagonal.
o > ab?X? ~ > a;X?: square-free.

o If f~ g, det(As) = det(PTA,P) = det(4,) det(P)?
o Invariant discriminant: d = det(A) in K* /(K*)2.

5)2 (Z/2Z) (Z/2Z) (Z/2Z)-
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Binary Quadratic Forms over Q, for p # 2

Theorem (Classification of Binary Quadratic Forms over Q,, for p # 2)

Two binary quadratic forms over Q, for p # 2 are equivalent if and only if
they have the same discriminant d and a comman represented number a.

@ Take a represented by f.

o f~ f1 ®aZ? where rank f; = 1.

@ Then fi = adX?. Thus f is determined.
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Binary Quadratic Forms over Q, for p # 2

@ Entry: the discriminant of aX? + BY?2
@ a: same color, same equivalent class
e mutually distinct if colored black

@ [a] boxed quadratic forms don't represent 1

ar &k

a p ap a p ap

1 1 a p ap 1 1 a p ap
o |1 @) [ o |1 [@) [
p 1 [a] D a
ap 1 ap

(@) p=1 (mod 4) (b) p=3 (mod 4)

Table: Classification of binary quadratic forms over Q,, for p # 2
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Hilbert Symbol

f=aX?+bY? represents 1
<~
Z% — aX? — bY? represents 0.

@ Hilbert symbol:

1 Z% — aX? — bY? represents 0,

(a,b) = .
—1 Otherwise.
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Computation of Hilbert Symbol

(-,) ‘ 1 a p ap (+,9) ‘ 1 a p ap
1 1 1 1 1 1 1 1 1 1
a 1 -1 -1 a 1 -1 -1
p 1 -1 P -1 1
ap 1 ap -1

(a) p=1 (mod 4) (b) p =3 (mod 4)

Table: Hilbert Symbol of Q, for p # 2

@ Hilbert symbol is a symmetric non-degenerate bilinear form.
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Hasse Invariant

o f=a X?+ - +a, X2

o Hasse invariant: e(f) = [],;(a;, a;)

fl=as X3+ +a, X2

e d(f)= H?:l a; = a1 H?:2 a; = ard(f1).
o o(f) =[li<icj<nlai,aj) = e(f1)-(ar,a2 - - an) = e(f1) (a1, a1d(f)).
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Representation of Numbers over Q,

f represents 0 over Q, iff:

@ Forn=2:d=—1,
Forn=3: (—1,—d) =¢;
Forn=4:d#1lord=1ande=(-1,-1);
For n > 5: no conditions.

By applying the result to f, = f & —aZ?, we obtain:

[ represents a € Q' iff:
e Forn=1: a=d;
e Forn=2: (a,—d) =¢;
@ Forn=3a#dora=dande=(-1,-d);
@ For n > 4: no conditions.
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Two non-degenerate quadratic forms of rank n over Q, are equivalent iff
they have the same discriminant d and Hasse invariant €.

e f,g have same d and ¢, thus there exists a € Q, which both
represented by f and g.

o Then f ~ fi ® aZ?, where f; is of rank n — 1. Similarly for g.

@ d and ¢ of f; can be determined:

o d(f1) =a-d(f) =a-d(g) = d(g1)
o e(f1) = (f) - (a,ad(f)) = e(g) - (a, ad(g)) = &(g1)

@ Thus f1, g1 share the same d and ¢.

@ By induction on n, the proof is completed.
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Classification of Quadratic Forms over Q,

Fix (d,¢), all possible quadratic forms over Q,:

en=1 f=dX?

en=2 f=aX?+adY? for
o ae€Q)/(Q))?

o n>3: f=aX?+bX3+abdX3+ 3, 4X2, for
e a:a#—d
o b:(b,—ad) (a,—d)=¢
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Classification of Quadratic Forms over Q

Theorem (Product Formula)

(a,b)y =1 for almost all v € V and [ ],y (a,b), = 1

The invariants d,, and ¢, satisfy the following relations:

@ g, =1foralmost v €V, and [ oy = 1.

@ g, =1ifn=1andif n =2 and if the image d, of d in Q;/Q;z is
equal to —1.

@ r,5s >0 and r + s = rank.
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Thank You!

Shubin Xue

shubinx@qq.com
Beijing Institute of Technology
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